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Abstract 

In order to construct a massive tensor theory with a smooth massless hmit, we 
apply two kinds of gauge-fixing procedures, Nakanishi's one and the BRS one, to two 
models of massive tensor field. The first is of the Fierz-Pauli (FP) type, which describes 
a pure massive tensor field; the other is of the additional-scalar-ghost (ASG) type, 
which includes a scalar ghost in addition to an ordinary tensor field. It is shown that 
Nakanishi's procedure can eliminate massless singularities in both two models, while 
the BRS procedure regularizes the ASG model only. The BRS-regularized ASG model 
is most promising in constructing a complete nonlinear theory. 
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1. Introduction 



In order to obtain a satisfactory formulation of the infrared problem in quantum gravity, 
we re-examine smooth massless limits of massive tensor field theories. 

Two models are studied in the present paper: the first is of the Fierz-Pauli (FP) type; 
the other is of the additional- scalar-ghost (ASG) type. The FP model has been adopted 
as a standard model of massive tensor field because it describes a pure massive tensor 
with five degrees of freedom. Two-point functions of this model, however, take form quite 
different from the corresponding ones in the massless case. On the other hand, although the 
ASG model includes a scalar ghost in addition to an ordinary tensor field, there are some 
similarities between two-point functions of the ASG model and those in the massless cascB* 

KimuraS investigated a massless tensor field in general covariant gauge, proposing a 
model with ASG-type mass term as a good candidate for massive theory with a smooth 
massless limit. Fronsdal and HeidenreichS succeeded in regularizing the FP model. They 
subtracted every massless singularity from the whole set of two-point functions by introduc- 
ing two kinds of auxiliary fields of spin-1 and 0. Because the Lagrangian obtained is not so 
simple, however, it seems unsuitable for constructing a complete nonlinear theory. 

In the present paper we apply to the two models two kinds of gauge-fixing procedures: 
Nakanishi's procedure and the BRS one. Nakanishi showed that simple addition of a gauge- 
fixing term to the free Lagrangian for an Abelian massive vector field can regularize massless 
singularities in the original theory. S' Applying this procedure to the case of tensor field, 
we find that both of the two models become free from massless singularities. The BRS 
gauge- fixing procedure has been recognized to have wide applicability. It is shown that 
massless singularities in the ASG model are in fact regularized by this procedure. For the 
FP model, however, this procedure does not work: there still remain massless singularities, 
though weaker than before the application of this procedure. 

However, this is the story of a linearized world. Our main, not present but future, purpose 
is to construct a complete nonlinear theory of massive tensor field. For this purpose it is 
desirable to have linearized theories with higher symmetry properties. From this point of 
view the BRS procedure is more suitable than Nakanishi's. This is because the former installs 
BRS symmetry in the theory, while the latter does not implement any symmetry property. 
That means the BRS-regularized ASG model seems most promising for our purpose. 

In §2, we review the case of Abelian vector field. This is to see how Nakanishi's and the 
BRS procedures work for regularizing massless singularities in the original massive theory. 
In §3, two models are presented for massive tensor field. Nakanishi's gauge-fixing procedure 
is applied to them in §4, while the BRS procedure applied in §5. Section 6 is devoted to 
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summary and discussion. 



\2. Massive Vector Fields 



2.1. Massless vector 



We begin with a free Abelian massless vector field. The Lagrangian with the usual 
gauge-fixing term is 

L = - \f^uF^^ + h [d^^A, + |6) , (2-1) 

where h is the Nakanishi-Lautrup (NL) field and a is the gauge parameter. Field equations 
are 



UA^ - (1 - a)d^h = 0, 
d^'A^ + ab = 0, 
Db = 0. 



(2-2) 
(2-3) 
(2-4) 



We also have 



□a^A^ = 0, 

□'A^ = 0. 



(2-5) 
(2-6) 



Two-point functions are 

{A^{x)A''{y)) 



1 

□ 



T]'"' - (1 - a) 



□ 



S{x-y), 



{A'^(x)biy)) = —Six-y) 



□ 



{b{x)biy)) = 0. 



(2-7) 

(2-8) 
(2-9) 



2.2. Massive vector 

In this case the Lagrangian is given by 



1 td'^ 



(2-10) 



Field equations are 



□ - m') A^ = 0, 
d^A^ = 0. 



The metric used in the present paper is rj^^" — (—1, +1, +1, +1). 



(2-11) 
(2-12) 
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Two-point functions are 

{A^{x)A''{y)) 



1 



r]' 



□ — m? 

which develop massless singularities in the limit of m = 0. 



5{x - y), 



(2-13) 



2.3. Nakanishi's gauge-fixing procedure 

Following Nakanishi,!' we add to the Lagrangian ( p-10 ) the same gauge- fixing term as 
in the massless case: 

.2 



L 



1 771^ f C\ 

-F.^F^'' - —A,A^ + h d^A, + -b 



This yields the following field equations: 



(□ - m^) A^-{1- a)d^b = 0, 
df'A^ + ab = 0, 
(□ - am^) 6 = 0, 



and 



□ - am^) a^A^ = 0, 



Two-point functions in this case are 



{A^{x)A-'{y)) 
{A^{x)b{y)) 



1 



□ — 

□ — am"^ 



[l-a] 



□ — am? 



5{x - y), 



{bix)biy)) = - 



m 



5{x-y), 
;S{x-y), 



[2-14) 



(2-15) 
(2-16) 
(2-17) 



(2-18) 
(249) 



(2-20) 
(2-21) 
(2-22) 



□ — am"^ 

which show that the massless singularities in the original massive theory have been regular- 
ized by this procedure. 

2.4. BRS gauge-fixing procedure 

General consideration of this procedure has been developed by Izawa. & For the massive 
vector case, starting from the usual Lagrangian ( p-10|) 

La 



1 777^ 

- -K^F^'' A^Af", 



(2-23) 
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we intend to carry out a field tranformation A^^ 



{A' 9) such that 



^ m 



d^A,. = 0. 



(2-24) 
(2-25) 



Since the Lagrangian ( |2-23| ) is independent of the new variables {A'^, 9), it is invariant under 
the BRS transformation 



69 = mc, 



6Cf, = ibi_^, 
6c = ib, 



(2-26) 



where the Faddeev-Popov (FP) ghosts (c^, c) and (c^, c) as well as the NL fields (6^, b) have 
been introduced. To relate the old and new sets of variables, we add to the Lagrangian 



p^ ) the following BRS term: 
Lb = — i6 
= b^fA 



A., 



^ m . 



A' 



-d,9 
m 

i (c" + d^c) (c, 



c ( d^A'^ + % 



a. 



b ( d^A'^ + -b 



The path integral is given as 

Z = j VA^VA'^V9Vbf,VCf,Vc^VbVcVcexpi J d^x [L, 
Integrating over the variables (6^, A^, c^, c^) and overwriting on A'^, we obtain 



Z = J VA^V9VbVcVcexpi J (I'^xLt, 



where 



- ^ ( A,„ - -d,..e 



m 



a. 



b d'^Au + -b] + icUc. 



This Lagrangian is invariant under the following BRS transformation: 



6A^ = <9.c, 



mc, 



6c = ib. 



(2-27) 



(2-28) 



(2-29) 



(2-30) 



(2-31) 



Since our model is Abelian, the FP ghosts (c, c) decouple from any other field in the La- 
grangian ( |2-3CI| ). When discussing field equations and two-point functions, therefore, we 
can neglect the last term in Lt- What we have obtained is nothing but the Stueckelberg 
Lagrangian. Field equations are 

(□ - m') - (1 - a)d^b + md^9 = 0, (2-32) 

d^A^ + a6 = 0, (2-33) 

Ub = 0, (2-34) 

a9 + amb = 0, (2-35) 
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and 



Two-point functions are 

{A>^{x)A''{y)) 



0, 
0, 
0. 



1 



□ — w? 



rf" - (1 - a 



□ 



— am 



S{x-y), 



(2-36) 
(2-37) 
(2-38) 



{A'^{x)b{y)) = 


-^S{x-y), 




(2-39) 
(2-40) 


{A^{x)e{y)) = 
{b{x)b{y)) = 
{b{x)9iy)) = 


— am—^S(x — 
0, 

m-5(x-y), 


y), 


(2-41) 
(2-42) 
(2-43) 


{e{x)e{y)) = 


/I 2 M 
am — 


6{x - y). 


(2-44) 



They are in fact singular-free in the massless limit. The field 6 becomes redundant in this 
limit and the theory smoothly reduces to the usual massless theory. 



§3. Massive Tensor Fields 

3.1. Massless tensor 

The Lagrangian with a gauge-fixing term is given by 

+ b^(d''h,,-^d^h+%,^ 
= ^h'^'A^h^'^ + If (a-^ V - + , (3-1) 



where h = h^., and 



■^HUjpa iV/MpVl'T VfJ.l'VpT^ ^ 

- iVupduda + r]uadf,dp) + {r]padf,d^ + r]^udpd^) . (3-2) 
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Field equations reduce to 



We also have 



□V-^(l-2a)('9A + W = 0, (3-3) 

5" V - ^^M^ + = 0, (3-4) 
ab^ = 0. (3-5) 



° ( d^h^u - ld^h}j = 0, (3-6) 
□'V = 0- (3-7) 



Two-point functions are calculated as 



hi -2a)- {rfP&'d" + T^'^'S'^S" + rfPd^d'' + r/^^a^a^ j 

^ I— I J 



(3- 



{W^\f) = 1 (ry^^a^ + J, (3-9) 

(6^60 = 0. (3-10) 

3.2. Massive tensor of the FP type 

The FP-type Lagrangian for a massive tensor field is given by 



L = - — (/i^^V - h') . (3-11) 

The set of field equations 

(□-m2)v = 0, (3-12) 

d'h^, = 0, (3-13) 

h = (3-14) 

shows that the Lagrangian ( p-llD purely describes a massive tensor field with five degrees 
of freedom. This is the reason why this type of model has been taken as a standard one. 
However, some undesirable properties are owned by the two-point functions 



□ — 1 2 



*^ Here and hereafter space-time coordinates are omitted in the field variables as well as in the (5-functions. 



7 



2m2 



The first and second terms on the right hand side of this expression have their own corre- 
spondents in the expressin (3-8). The massless singularities in the second term are the same 
as encountered in the case of vector field. The third term, however, develops higher massless 
singularities than the second term. Moreover, that term does not find its own correspondent 
in the expression (3-8). These points make this model difficult to regularize. 

3.3. Massive tensor of the ASG type 

We adopt a mass term shghtly different from the FP-type one: 

L = -hP^A„hP- - — (hP'^h,, - -h'j . (3-16) 
In this case, a field equation corressponding to (3- 14) does not hold. We have only 

(□-m2)v = 0, (3-17) 
a"V-^^M^ = 0. (3-18) 

Therefore, this model describes not only an ordinary tensor field but also an auxiliary scalar 
field. Two-point functions in this model are given as 

□ — 1 2 

L {jfp&'&' + yf&'dP + ^''Pd^'dr + r)'"'d^'df) ] 5 

2m^ J 

(3-19a) 



n-m? 12 

2 /I „^ d^'d''\ (I ^„ dPd'^W , 

1 ^3.^^^^ 



□ - m2 3 V2 m? ) \2' m ^ 

Contrary to the FP model, the expression (3-19a) does not have a term hke the third one 
on the right hand side of Eq.(3-15). This fact simplifies the procedures for constructing 
massless-regular theories. The expression (3-19b), however, shows that this model includes 
an additional scalar field with negative metric as well as an ordinary tensor field. 
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^4. Nakanishi's Gauge-Fixing Procedure 



4.1. FP model 

We supplement the FP Lagrangian ( |3-11| ) by the same gauge-fixing term as in the massless 



case: 



2 pj^j^u 2 
Field equations obtained are 



□ - m^) h^^ - ^ij^^m^h - ^(1 - 2a) {d^b^ + d^b^) = 0, 

d^hf,^ - ^df,h + ab^ = 0, 
- m^di^h + (□ - 2am2) 6^ = 0, 
- 4m^n + eam^) /i = 0. 



We also have 



(□ - 2am2) (n^ - Am'^a + 6am^) 6^ = 0, 



(4-1) 

(4-2) 

(4-3) 
(4-4) 
(4-5) 

(4-6) 
(4-7) 
(4-8) 



Two-point functions in this case are 



n~m? 12 
1 



1 



(l-2a)- 
2 ^ 'u- 2am? 



m 



1 



+ (1 - 2a) (?7"'^a^a" + T/^^a'^a" 

-f2(l-2a)2 ^ 



□ — 2am^ 



{h^^'b") 



□ — 2am^ 



+ 



m 



{b%P) 



□ 2 _ □ _|_ Q(^ffii 

2m^ 



^t^yQP + 2(1 - 2a) 



1 

□ — 2aw? 



S, 



(4-9) 



□ — 2am2 



tip 



□ — m 



□ 2 _ 4^2 □ _^ gQ,^4 



5. 



(4-10) 
(4-11) 



Although these expressins are comphcated, smooth massless hmits are seen to be assured 
for an arbitrary value of the gauge parameter a. For some special values of a, for example 
a= |, we can have much simpler expressions. 

4.2. ASG model 

In this case the Lagrangian we take is 

L = ^h^^A^hf- - ^ (/i'^'^ V - ^^') + (^'^ V - l^^h + . (4-12) 
Field equations obtained here are much simpler than in the previous case: 

(□ - V - 1(1 - 2a) {d^K + d,h^) = 0, (4-13) 

d^h^^-^^d^h + ab^^Q, (4-14) 

(□ - 2am^') = 0, (4-15) 

(□ - 2am^) {d'h^, - la^/i) = 0, (4-16) 

(□ - m^) (□ - 2am^) V = 0- (4-17) 

The structure of two-point functions also becomes simpler as follows: 



and further 
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- 1(1 - 2a) (ri>"'&'&' + rj^^d^d" + rj^'d^ff' + rj^^d^d")} S, 

2 □ — 2am^ ) 

(4-18) 

(/i^^^^p) = 1 {r^^Pd" + rfd^) 5, (4-19) 

9 2 

(h%P) = — -rJ^'P6. (4-20) 

It is seen that Nakanishi's gauge-fixing procedure does work for regularizing massless singu- 
larities in the ASG model too. 



5. BRS Gauge-Fixing Procedure 
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5.1. BRS procedure 

As in the vector case, we start from the usual massive-tensor Lagrangian without a 
gauge-fixing term: 

= ^h'^'A^hP'^ - ^ [h^-h^, - ah") , (5-1) 

where 

1 for the FP model, 



\ for the ASG model. 



(5-2) 



We introduce a new set of variables (/i' , 6*^) to perform a field transformation h^^j {h' , 9^) 



such that 



h = h' - 



(5-3) 
(5-4) 



The Lagrangian ( |5-1|) , which is independent of the new variables, is invariant under the 
following BRS transformation: 



Sh' = r 



Sc„ 



(5-5) 



where (c^;/,c^) and (c^zy,c^) denote the FP ghosts and {h^y,hfj) indicate the NL fields. In 
order to perform the field transformation (5-3) with (5-4), we supplement the Lagrangian 
(|5-1| ) by adding the following BRS gauge-fixing term: 



i5 



m 



a. 



(5-6) 



The path integral is given by 



Z = y Vh,,Vh'^,Ve,Vh,,Vc,,Vc,,Vh,Vc,Vc, exp i j (fx [Lh + Lb] . (5-7) 
We integrate out with respect to the variables {h,y,h,y,c,u,c,u), and then write h,, over 

Z = j Vh,,V9f,Vb,VCf,VCf,expi J cI'^xLt, (5-8) 



h'^j^. The result is 
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where 



m 

T 



\ m 



ah d^e, 



m 



V'- 



This Lagrangian is invariant under the following BRS transformation: 



(5-9) 



(5-10) 



For an Abelian case, which is the case we consider, we can neglect the last term in the 
Lagrangian (5-9) because the FP ghosts decouple from the other fields. 

5.2. FP model 

We put a — 1 and omit the FP-ghost term in the Lagrangian (5-9) to have 

,2 



m 

T 



+ lf(d^h,,-]^d^h+'^b^. 
Field equations derived from this Lagrangian are 



- ^(1 - 2a) {d^b, + d,b^) + ^Vi^udPb, = 0, 



We also have 



(5-11) 



(5-12) 





= 0, 


(5-13) 


ah + 2ad^'b^ 


= 0, 


(5-14) 


+ amb^ - ^d^d^b^ 
6m 


= 0, 


(5-15) 


ob^ 


= 0. 


(5-16) 


□ (a-^ V - l^^hj = 0, 




(5-17) 


tf/i = 0, 




(5-18) 


0% = 0, 




(5-19) 






(5-20) 
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Two-point functions obtained are the following: 

1 n 



□ - m2 12 
1 

~ 2 



2' 



1 Tn 
l-2a)— + 2a— 



2 /I ^ d^d''\ 
+ 3(2^^ 

l6mn 
0, 



11/ 

1 - 2a — 

2n \ □ 



QPQO 



□ 



D"' 3m J 



(5-21) 

(5-22) 

(5-23) 
(5-24) 
(5-25) 

(5-26) 



We see there still remain massless singularities. The singularities found in (3-15) have been 
driven away indeed. However, the new singularities, though weaker than the original ones, 
have appeared in the ^?-sector (5-23) and (5-26). It follows that the BRS gauge- fixing proce- 
dure cannot drive away all the massless singularities of the FP model although this procedure 
does reduce the degree of singularities. 

5.3. ASG model 

In this case we set a = | in the Lagrangian (5-9). Neglecting the FP-ghost term again, 
we have 



Field equations in this case are 

(□ - m^) V + m {d^e^ + dj^) 

-^(l-2a) (a^6, + a,6j = 0, 

d^'h^i, - ^df,h + abf, = 0, 
□^^ -|- ambfj, — 0, 
Db^ = 0. 



(5-27) 



(5-28) 

(5-29) 
(5-30) 
(5-31) 
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Further we have 

° V - ^^M^) = 0, (5-32) 
□'^M = 0, (5-33) 
(□ - m^) V = 0- (5-34) 

Two-point functions arc calculated as 



O — 12 



1 

~ 2 


1 777.^ 

(l-2a)- + 2a— 




>5, 








(5-35) 




s, 


(5-36) 






(5-37) 




= 0, 




(5-38) 








(5-39) 






(5-40) 



Compare these expressions with the corresponding ones (3- 19a) for the original ASG model. 
It is seen that the BRS gauge-fixing procedure have been able to regularize the massless 
singularities involved in the ASG model. 

§6. Summary and Discussion 

In this paper wc have studied how to construct massive tensor theories with smooth 
massless limits. We have taken up the FP and ASG models for a linearized massive tensor 
field, and applied Nakanishi's and the BRS gauge-fixing procedures to each model. It has 
been found that the ASG model can be regularized by both of the procedures, while the FP 
model only by Nakanishi's procedure. We have thus obtained three kinds of regularized mas- 
sive tensor theories without massless singularities: N-regularized FP model, N-regularized 
ASG model and BRS-regularized ASG model. 

In order to construct a complete nonlinear theory, it is desirable to have linearized theories 
with higher symmetry properties. BRS symmetry seems to play an essential role in this 
respect. The BRS procedure just provides this symmetry, but Nakanishi's procedure does 
not. It follows that the BRS-regularized ASG model may be most promising for our purpose. 
Detailed discussions along this line will be made in a future pubhcation. 
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